We have studied the electrodynamic response of strongly disordered superconducting TiN films using microwave resonators, where the disordered superconductor is the resonating element in a highquality superconducting environment of NbTiN. We describe the response assuming an effective pair-breaking mechanism modifying the density of states, and compare this to local tunnelling spectra obtained using scanning tunnelling spectroscopy. For the least disordered film (kFl = 8.7, Rs = 13 Ω), we find good agreement, whereas for the most disordered film (kFl = 0.82, Rs = 4.3 kΩ), there is a strong discrepancy, which signals the breakdown of a model based on uniform properties.
The evolution of the superconducting state by increasing disorder is an important and complex problem. Many processes are present simultaneously, and the predominant experimental outcome is that the system evolves towards an insulating state 1 (i.e. increasing resistance with decreasing temperature), while at the same time maintaining properties reminiscent of Cooperpairs 2 . Recently, we have carried out 3 a systematic study of the microwave-response of TiN films with values of k F l slightly above 1. These results have been compared with a recent theory of Feigel'man and Skvortsov, 4 designed to describe the effect of disorder and the emergence of mesoscopic inhomogeneities on the quasiparticle density of states in the superconducting state. It was found that this theory strongly underestimates the effects of disorder observed in our experiments. Instead we have used a heuristic model which treats the effect of disorder as a pair-breaking parameter that is not a priori related to the level of disorder. Here, we extend the experimental results to films with sheet resistance R s up to 4.3 kΩ and k F l-values down to 0.82. We observe a similar trend as previously reported, with a strong increase of the effective pair-breaking parameter for decreasing k F l. Since the analysis assumes a modified density-of-states we supplement our analysis with data derived from local tunnelling spectroscopy on the same films. For the least disordered film (k F l = 8.6, R s = 13 Ω), we find good agreement, but for the most disordered film (k F l = 0.82, R s = 4.3 kΩ), there is a strong discrepancy between the locally measured density of states and the density of states that has been assumed to describe the electrodynamic response.
To measure the electrodynamics of superconductors, commonly coplanar waveguide (CPW) resonators are used, which are capacitively coupled to a readout transmission line, where the resonator, the ground plane, and the transmission line are all made of the same material (i.e. the superconductor under study). In the regime where k F l ≈ 1, this approach becomes unfeasible. The large sheet resistance in this regime (R > 1 kΩ) translates into an equally large sheet inductance L S ≈ (1) to the measured data, used to extract the resonance frequency f0. The design allows to follow the resonance curve for a temperature range going from T = 50 mK (blue) to T = 417 mK (red) (inset).
R /π∆, with ∆ the superconducting pairing potential. For increasing disorder, it therefore becomes increasingly more difficult to match the characteristic impedance of the transmission line Z ≈ L/C to the 50 Ω impedance of the microwave equipment, with L and C the total inductance and capacitance, respectively. This results in standing waves in the transmission line and spurious resonances.
To address this issue, we have adapted a resonator design by Diener et al. 5 In our design, a half-wave CPW resonator of TiN is embedded in an environment of 100 nm thick NbTiN. First, the resonator structure is defined in the TiN film, using e-beam lithography and reactive ion etching. In a second step, the NbTiN layer is deposited on a lift-off mask, using DC magnetron sputtering, at a DC power of 300 W, using an argon flow of 100 sccm and a nitrogen flow of 4 sccm, with a chamber pressure of 4 mTorr.
6 Lift-off of the NbTiN is done in acetone. Stronger disorder also results in a lower internal quality factor Q i of the resonator. 8 Changes in the properties of the resonators are best assessed when Q i ≈ |Q c |, with Q c the complex quality factor corresponding to the (dominantly capacitive) coupling to the transmission line.
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Maximal coupling (minimal |Q c |) is obtained by positioning the resonators such that half of their length is adjacent to the transmission line. This design yields a coupling quality factor of |Q c | ≈ 3 · 10 3 , which should be compared to a typical Q i ≤ 10 4 . Detailed dimensions of the sample design can be found in the supplementary information.
10 Figure 1 (b) shows a typical resonance curve of a resonator made from film E using this design. The resonance dip is clearly visible at the lowest temperature of 50 mK, and can be followed up to a temperature of 417 mK (inset). The TiN films used in this study are grown using plasma-assisted atomic-layer deposition (ALD). The ALD technique is based on sequential self-terminating gas-solid reactions at the film surface, using two gaseous precursors. We make use of the precursors TiCl 4 and a plasma of H 2 and N 2 , which react into TiN and gaseous HCl. The films are deposited on highly resistive (ρ > 10 kΩcm) Si(100) substrates that have a thin surface layer of native silicon oxide. The level of disorder is tuned by changing the thickness d of the films 3,8 (see Table I , film C, E, and G). The resulting films are not directly comparable to the previously studied films (notably the critical temperature is slightly higher), due to a maintenance update of the machine. The thick film I is part of the previous deposition series.
11 . Our ALD process yields thin films with a typical RMS surface roughness of 2Å, determined by atomic force microscopy. Cross-sectional transmission electron microscopy of film C reveals that the TiN layer is polycrystalline with a typical grain size of 5 nm. The thickness of the various films is estimated using an average growth rate of 0.5Å/cycle.
10
Hall bar structures patterned in each film are used to measure the sheet resistance as a function of temperature T , and the Hall voltage V H (B) as a function of magnetic field. The critical temperature T c is determined from the the resistive transition. 10 For our films, the superconductor-to-insulator transition (SIT) occurs at a sheet resistance between 4.3 and 16 kΩ, consistent with previously reported values for the SIT in TiN. 12 The sheet resistance, elastic scattering length l, and k F l are determined at a temperature of 10 K, using free-electron theory. 10 The Ioffe-Regel parameter k F l decreases monotonously with film thickness, to values < 1 for film C, indicating strong electron localization. The films C-G are part of a larger series, described in the supplementary information. 10 We have fabricated resonator samples from these films, using the design described before. The samples are wire bonded to coaxial connectors of a cryogenic microwave set-up, and cooled to a base temperature of 50 mK using a pulse-tube pre-cooled adiabatic-demagnetization refrigerator. A microwave signal from a vector network analyzer is fed to the sample through coaxial cables. The amplified forward power transmission S 21 of the transmission line is recorded as a function of temperature and microwave frequency ( Fig. 1(b) ). A small linear background is observed in these measurements, due to small imperfections in the calibration of the setup. We subtract this background from the data, and extract the resonance frequency f 0 by fitting the relation
where f is the microwave frequency. The solid curve in Fig. 1(b) is a fit of this line shape to the measured curve. Different resonators on the same chip show an identical temperature dependence. For increasing temperature, the resonance frequency f 0 is decreasing, reflecting a change in the sheet inductance L S of the superconductor. Figure 2 shows the change in resonance frequency as a function of temperature for all four measured films. We model the microwave response using a description of the superconducting state, in which the superconductor is homogeneously weakened by a disorder-dependent pair breaking parameter α, similar to the effect of magnetic impurities. 3 We assume homogeneous superconductivity, and describe the superconducting state using the Usadel equation
where E is the quasiparticle energy, sin θ and cos θ are the quasi-classical Green's functions, and ∆ is the pairing amplitude that is determined self-consistently for each temperature and value of α. 10 The effect of the pairbreaking parameter is to smoothen the coherence peak in the quasiparticle density of states, as shown in the inset of Fig. 2 .
In contrast to our earlier work, here we take ∆ 0 , the pairing amplitude at zero temperature, as a free parameter in the model. This choice is motivated by the observation that there is no a priori relationship between T c and ∆ 0 for this kind of films.
14 After solving the Usadel equation (2), the complex conductivity σ = σ 1 − iσ 2 is determined using a generalized form of the Mattis-Bardeen equations, given by Nam.
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The resonance frequency f 0 is only dependent on σ 2 ,
The solid curves in Fig. 2 show the best fits of this model to the measured resonance frequencies. To obtain these fits, we use the resonance frequency at the lowest measured temperature, f 00 , as a scaling parameter. For a number of values of α, we determine a least-squares fit using ∆ 0 as the fitting parameter. Finally, we determine the value of α where the residual error of the fit was minimal. The resulting values of α and ∆ 0 are presented in Table I . As before, the trend that α increases with increasing disorder, 3 is also observed in these films. The inset of Fig. 2 shows the quasiparticle density of states N S ∝ Re cos θ, that corresponds to the fitted value of α for all four films.
Our model implies distinct predictions for the quasiparticle density of states of the film. To test these predictions, we independently probed the local density of states using scanning tunnelling spectroscopy (STS) on unpatterned pieces of films I and C. A piece of film I is mounted in a pumped- 4 He bath cryostat and cooled down to a bath temperature of 1.35 K. Film C is mounted in an inverted 3 He-4 He dilution refrigerator, and cooled down to a base temperature of 50 mK. A sharp Pt-Ir tip is brought in close proximity to the films, such that a tunnelling current of 1 nA is reached in both cases, at the maximum bias voltage of 2 mV for film I, and 500 µV for film C. A low-frequency modulation with an amplitude of 10 µV and 20 µV, respectively, is applied to the DC voltage bias, to measure the differential conductance using lock-in techniques. Tunnelling spectra are obtained by ramping the DC bias voltage, while keeping the distance between the tip and the sample fixed. spectra that were recorded at the same position. The spectrum shows the characteristic BCS coherence peaks at a voltage of 800 µV. A detailed scan over an area of 500×500 nm 2 shows that the variation of the local density of states is within the noise level of the measurement for this film.
A different picture is obtained from the measurements on film C. On this film, spectra were obtained on a square grid of 26×26 points in an area of 100×100 nm 2 . Figure 3(b) shows the average of the tunnelling spectrum measured at all positions (solid curve). Clearly, the BCS coherence peaks are visible, although they are not as pronounced as in film I. Besides that, the tunnelling conductivity is rising for increasing voltage. This rise is also observed at temperatures above T c , and is generally attributed to a depression of the normal-state tunnelling density of states at the Fermi level, caused by increased electron-electron interactions in the film. 16, 17 . The red dashed curve in Fig. 3(b) shows the average background, measured over an area of 100×100 nm 2 at a temperature of T = 1.4 K. The depression of the tunnelling density of states is due to the energy cost of adding one electron to the film. Therefore, it is typical for tunnelling and we do not expect it to play a role in the electrodynamic response of the film. Consequently, we have divided all measured spectra by the average normal state tunnelling spectrum (red curve). Figure 3(c) shows the resulting tunnelling spectra, obtained at three different positions, where a small linear background, due to thermal drift in the tip-sample distance, is subtracted. From these curves, it is clear that the local properties of the film are varying on the 100 nm length scale. First of all, the height of the coherence peak is varying from point to point. There are locations where a distinct coherence peak is seen (top curves), as well as locations, where the coherence peak is absent. Besides that, the typical energy scale E t , defined as the crossing point with the normal-state tunnelling spectrum, is varying from point to point. On average, E t = 134 µeV, with a variation of 20% (shown in Fig. 3(d) ). This variation in energy scale and coherence peak height is of similar size as was observed in experiments in strongly disordered TiN,
14 InO x , 2 and NbN. 18 It is consistent with numerical work relating it to homogeneous on-site disorder in competition with superconductivity.
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Let us now compare the local spectroscopy measurements to the results obtained from the electrodynamics. The dash-dotted curves in Fig. 3 show the tunnelling spectra that were calculated using the values inferred from the electrodynamic response as shown in Table I . The curves are a convolution of the quasiparticle density of states calculated using Eq. (2) with the derivative of the Fermi-Dirac distribution function describing thermal excitations in the normal-metal tip. For the calculation of the curves, there is no fitting parameter, except for a scaling parameter which is proportional to the tunnelling conductance of the contact. The effective temperature of the tip is taken to be equal to the bath temperature (T = 1.35 K) in case of film I, and assumed to be 300 mK in the case of film C, based on previous experience with this measurement setup.
In case of the least-disordered film I, there is a clear correspondence between the measurements and the predictions from the model: the size and width of the coherence peaks and their distance are accurately reproduced. In case of the most-disordered superconducting film C, the picture is different. The measured curves are not predicted by the model. First, in most of the spectra, coherence peaks are clearly visible, while they do not follow from the Usadel equation (2) for the parameters listed in Table I . Secondly, the calculated curve is much smoother: even on positions where the coherence peaks are absent (bottom curve in Fig. 3(c) ), there is still a clear onset of a gap, that is not reproduced by the model. These differences may be attributed to the tunnelling measurement method. It was recently suggested, 21 that the metallic tip is not only a passive probe of the tunnelling density of states, but may also influence the electron-electron interaction processes in the highly disordered film themselves. Although we can not rule out such an influence on a quantitative level, we believe that this cannot explain the observed spatial variation in the local superconducting density of states. In our view, the main result of the STS measurements are the local variations of the superconducting state. In contrast, we apply for the electrodynamic properties a model, which assumes uniform properties, with an effective pair-breaking parameter. Since the wavelength of the microwaves used in our experiment is large enough to probe an average over the local landscape, an effective uniform model might still be appropriate. However, there is no a priori reason, why this is represented by an effective pair-breaker. In fact, the averaged tunnel spectrum, shown in Fig. 3(c) reveals a stronger superconducting state than is predicted by the electrodynamics measurements. A proper theoretical description of the microwave response will need to start with an inhomogeneous superconducting state. We are not aware of such a theory.
Finally, in analysing the density of states as observed in our STS measurements of film C, we appear to observe an appreciable amount of subgap states. Also in this case we are reluctant to apply a model, which assumes a uniform superconductor with subgap states. For a non-uniform superconducting state the lateral proximityeffect will contribute to the locally measured density of states, which may appear as subgap states. 22 Moreover, the influence of the electron-electron interactions, leading to the normal-state tunnelling density of states, on the superconducting state are not clear. A thorough understanding of the local tunnelling spectra in an inhomogeneous superconducting medium is needed, before one can infer a macroscopic quantity such as the response to microwaves.
In summary, we have clearly shown that the microwave electrodynamics of strongly disordered superconductors into a regime up to k F l = 0.82, can be measured by using a hybrid sample design. We have also shown that even in this regime we can describe the electrodynamic response with a model, which contains a disorderdependent effective pair breaker. For the least disordered film (k F l = 8.6), these results are consistent with the local tunnelling spectra. For the most disordered film however, a discrepancy is found, which signals the breakdown of applicability of a model based on averaged properties, due to the emergent electronic inhomogeneity.
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